We are interested in the persistence in mean and extinction for a stochastic competitive Gilpin-Ayala system with regime switching. Based on the stochastic LaSalle theorem and the space-decomposition method, we derive generalized sufficient criteria on persistence in mean and extinction. By constructing a novel Lyapunov function we establish sufficient criteria on partial persistence in mean and partial extinction for the system. Finally, we provide two examples to demonstrate the feasibility and validity of our proposed methods.
Introduction
Many species live in the same environment, share the basic necessities, and compete for the limited recourses. This is a common phenomenon in the ecosystem. One of the most famous models is the classical competitive Lotka-Volterra system
a ij x j , i = 1, 2, . . . , n,
where x i (t) represents the population size of species i at time t, the constant b i is the growth rate of species i, and a ij represents the effect of interspecific (i = j) or intraspecific (i = j) interaction. One disadvantage is that the rate of change in the density of each species is a linear function. It might not describe the interaction behaviors of cross terms. Later on, to make up for this disadvantage and get more accurate results, Gilpin and Ayala have made some improvements on (1) and proposed the Gilpin-Ayala system
where θ i is the parameter to modify the classical Lotka-Volterra model. It is a nonlinear function and can better simulate the rate of density change.
Afterward, the facts have been noticed that the population systems are inevitably affected by the environmental noise. One important type is the telegraph noise, which can be molded as a switching between two or more environment regimes. It is influenced by food and environmental factors. The other type is the widely known white noise, which is simulated by Brownian motion. Perturbed by these two important environmental noises, system (2) becomes the stochastic competitive Gilpin-Ayala system with regime switching 
The stochastic competitive population system has been studied extensively because of its universal existence and importance (see e.g. [1] [2] [3] [4] ). The extinction and persistence in mean are the important and interesting properties of population systems, which mean that the population system will die out or survive in the future respectively. Therefore it has attracted considerable attention (see e.g. [5] [6] [7] [8] ). Li and Mao have investigated the dynamic behavior of several stochastic competitive Lotka-Volterra systems based on some novel Lyapunov functions, and some sufficient conditions are obtained in [4, 6, 7] , which insure the stochastic permanence or extinction. More recently, some improved sufficient conditions on persistence in mean or extinction for stochastic competitive Lotka-Volterra systems are provided by Liu and Shen [8] based on the space decomposition method. More details can be referred to [9, 10] , and [11] . However, the approaches proposed by these authors (see e.g. [12] [13] [14] , and [15] ) for Lotka-Volterra systems cannot be easily used in stochastic Gilpin-Ayala systems because of the nonlinear item. Meanwhile, the methods proposed in [16] and [17] cannot be readily applied to the asymptotic analysis owing to the existence of regime-switching mechanism, which can make the problem insolvable. Moreover, to the best of our knowledge, the stochastic competitive Gilpin-Ayala system with regime switching and its asymptotic behavior have not been studied yet. The nonlinear item and the regime-switching mechanism exist in the model simultaneously, which might make the problem more complicated (see e.g. [18, 19] , and [17] for more details). Based on this motivation, our aim is to tackle this issue. We first establish the detailed criteria for whole persistence in mean and whole extinction. Then we investigate the asymptotic properties for the partial persistence in mean and partial extinction. Finally, we give two examples to verify the feasibility and validity of our proposed methods.
Notation
Throughout this paper, unless otherwise specified, let ( , F , {F t } t≥0 , P) be a complete probability space with filtration {F t } t≥0 satisfying the usual conditions (i.e. it is increasing and right continuous, and F 0 contains all P-null sets). Let B(t) = (B 1 t , . . . , B n t ) be an n-dimensional Brownian motion defined on the probability space.
Let {r(t), t ≥ 0} be a right-continuous Markovian chain on the probability space taking values in S = {1, 2, . . . , N} with generator = (γ ij ) N×N given by
where > 0. Here γ ij > 0 is the transition rate from i to j, and γ ii = -j =i γ ij < 0 if i = j. We assume that the Markovian chain r(t) is independent of the Brownian motion B(t) and the Markovian chain has a unique stationary distribution π = (π 1 , π 2 , . . . , π n ).
For convenience and simplicity, we definê
For the sake of discussion, the whole frame is based on several basic assumptions.
We are motivated in particular by the work of Mao [13] and obtain the existence of a global positive solution. 
In the following sections, let x i (t) = x i (t, x 0 , r 0 ) for simplicity.
Persistence in mean
In this section, we investigate the persistence in mean. 
Consider two auxiliary stochastic differential equations
Then it follows from the comparison principle (see [21] ) that
Lemma 3.1 Let Assumption 1 and the inequality k∈S
The proof is omitted here; see [7] for more details.
Lemma 3.2 Let Assumptions 1 and 3 and the inequality k∈S
Proof By Lemma 3.1 and (6) we have derived lim sup t→∞
we still need to prove that lim inf t→∞
Applying Itô's formula to z
A simple computation from (4) shows that
The Hölder inequality then gives
It follows from the inequality (a
where φ i (t) satisfies the system
It follows from (16) that
The Brownian motion implies
When b i (r(t)) - (16) we can easily see that
Note that Lemma 3.1 implies
From (17) along with (18)- (20) we can verify that
as desired.
Remark 1
The convergence of (8) plays a prominent role in analyzing the asymptotic behavior for stochastic population systems. The property for stochastic Lotka-Volterra systems was discussed in [7] , and the property for stochastic Gilpin-Ayala systems was studied in [18] as well. We discuss the system with highly nonlinear item and regime switching. These two factors limit the effectiveness, so the approach used in [7] and [18] is not applicable to system (3). By utilizing some novel techniques the asymptotic behavior for stochastic Gilpin-Ayala systems with regime switching has been studied, which might have a wider application.
Theorem 3.1 Let system (3) satisfy the hypotheses of Assumptions 1-3. Then it is said to be persistent in mean, that is,
Proof Our proof is adapted from the works [8] and [18] . It follows by Itô's formula that
Thus, it satisfies
Note that, for i = 1, 2, . . . , n,
By the strong law of large numbers for martingales we get
By Lemma 3.1 we obtain from (22) that
Therefore, for i = 1, 2, . . . , n, we have lim sup
The well-known Hölder inequality then gives
Using Lemma 3.2 along with the Hölder inequality and the ergodic property of r(t), we have
We therefore have lim inf
Remark 2 When θ i = 1, i = 1, 2, . . . , n, system (3) reduces to the stochastic competitive Lotka-Volterra systems with regime switching, the conditions on persistence in mean are in accordance with the results in [8] .
Extinction
In this section, we verify that the system will become extinct if the noise is sufficiently large.
Theorem 4.1 Suppose that Assumption 1 holds and there exists an integer m
Then we have (i) The previous m species of system (3) are almost surely exponentially extinct with the exponential rate of the ith species -k∈S π k (
(ii) The following n -m species will extinct with zero exponential rate, that is,
Proof We begin by proving the exponential extinction for the top m species of system (3)
The next goal is to show the zero exponential extinction for the bottom n -m species when k∈S π k (b i (k) -
Step 1. We aim to prove assertion (28). By Itô's formula we get
where
. . , n. Dividing both sides by t yields
By the strong law of large numbers for martingales (see [20] ) we derive lim t→∞
. . , m, letting t → ∞ on both sides of (30), we have
By (31), for any 1 ≤ i ≤ k and ε ∈ (0, min 1≤i≤k k∈S π k (
Thus it follows that
Then we can readily verify that
By (30) and (33) we have
Step 2. We only need to show assertion (29). Applying Itô's formula to log x θ i i (t), we get
Based on the convergence of the integral ∞ 0 x i (s) ds, the sample space can be decomposed into two mutually exclusive events
Furthermore, we can also divide into three mutually exclusive events
x i (t) = 0 , and
The proof of lim t→∞ x i (t) = 0 a.s. is equivalent to showing that G i1 ⊂ i3 and G i2 ⊂ i3 a.s. The following is an outline of the proof.
First, using stochastic LaSalle methods proposed in [22] , we prove that G i1 ⊂ i3 . Second, using the novel techniques, we show that P(G i2 ∩ i1 ) = 0 and P(G i2 ∩ i2 ) = 0, which means that G i2 ⊂ i3 a.s. Now we map out our strategy.
Case 1: The continuity of x i (t) and definition of G in imply that P(G i1 ∩ i1 ) = 0. Now we prove it by a contradiction. Now let us show that G i1 ⊂ i3 . Clearly, x i (t) ∈ C(R + , R) a.s. It is easy to check from G i1 that lim inf t→∞ x i (t) = 0 a.s. Therefore, we obtain that P(G i1 ∩ i1 ) = 0. The only thing that remains to show is P(G i1 ∩ i2 ) = 0. If P(G i1 ∩ i2 ) > 0, then there exists a real number ε > 0 such that
where Q 1 = {lim sup t→∞ x i (t) > 2ε}. Define the sequence of stopping times
We have E(I G i1
∞ 0 x i (s) ds) < ∞ from G i1 . Then we compute and rearrange
where I A is the indicator function. Since τ 2k < ∞ whenever τ 2k-1 < ∞, by the above formula we have
Integrating equation (3), we have
Compute and rearrange
By the BDG inequality (see [20] ) and the Hölder inequality we compute
Choosing T = T(ε) > 0 sufficiently small for 2T(U
, from (38) we have
. . whenever ω ∈ Q 1 , we further compute
We obtain from (36) and (40) that
which is a contraction. So P(G i1 ∩ i2 ) = 0 holds, and we derive that G i1 ⊂ i3 . Case 2. It remains to prove G i2 ⊂ i3 a.s. We need only to show that P(G i2 ∩ i1 ) = 0 and P(G i2 ∩ i2 ) = 0. We prove it by a contradiction.
Letting t → ∞, we get lim inf
Substituting (42) into (29), we have
This contradicts the definitions of G i2 and i2 . Consequently, we conclude that P(G i2 ∩ i2 ) = 0. Combining the facts G i1 ⊂ i3 , P(J i2 ∩ i1 ) = 0, and P(G i2 ∩ i2 ) = 0, we derive 
Remark 3
The difficulties come from the nonlinearities and regime switching. Based on stochastic LaSalle theorem and the space-decomposition method (see [8] and [22] ), we overcome the difficulties. If system (3) does not contain parametric switching and θ i = 1, i = 1, 2, . . . , n, it happens to be the result in [7] . Therefore, Theorem 4.1 generalizes the results in [7] and [8] .
Partial persistence in mean and partial extinction
We will discuss the partial persistence in mean and partial extinction on certain conditions later. Define the auxiliary stochastic differential equation:
Theorem 5.1 Suppose that Assumption 1 holds and there exists an integer
Then we have
That is, the species i is persistent in mean for each i = 1, 2, . . . , m; (ii) For i = m + 1, . . . , n, the solution x i (t, x 0 , r 0 ) to system (3) satisfies
that is, system (3) will become extinct.
Proof The proof is divided into two steps. The first step is to show the persistence in mean of the previous m species. The second step is to show the extinction of the following n -m species.
Step 1. We analyze the convergence of x
where u i (t) is the solution to equation (43). Applying Itô's formula to system (43) yields
For i = 1, 2, . . . , m, we have
Applying Itô's formula to
where μ = min 1≤i≤m (a ii (r(t)) -j =i a ji (r(t))) > 0 and α j = m i=1 a ij (r(t)) ≥ 0. Therefore it satisfies
Letting t → ∞, we get
Note that by Theorem 4.1 and (45)
By (54), the inequality (53) satisfies
Thus by Lemmas 5.1 and 5.2 (see [8] for more details) we have
It follows from Theorem 3.1 that system (43) is persistent in mean, namely,
For i = 1, 2, . . . , m, note that (57) implies
lim sup
For i = 1, 2, . . . , m, the solution x i (t) is persistent in mean.
Step 2. For i = m + 1, . . . , n, applying Itô's formula to log x (
Equation (62) is exponentially extinct, and it is completely consistent by Theorem 4.1 for any initial condition x 0 > 0. The sample trajectories of log x 1 (t) t and log x 2 (t) t are drawn in Figures 3 and 4 , and they are generated by the Heun scheme for time step = 2 -5 on [20, 200] , respectively. The species 1 is persistent in mean, and species 2 and 3 are exponentially extinct by Theorem 5.1. The system is tested in detail by the Heun method in Figures 5, 6 , and 7, and the data simulating results validate the correctness and effectiveness of the proposed methods. 
Conclusions
The asymptotic behavior for stochastic competitive Gilpin-Ayala systems with regime switching has been investigated. Firstly, generalized criteria on persistence in mean are established by utilizing stochastic comparison principle and novel analysis techniques. Secondly, sufficient criteria on extinction are obtained by the space-decomposition method and the stochastic LaSalle theorem. Thirdly, sufficient conditions for partial persistence in mean and partial extinction are derived based on the criteria and a novel Lyapunov func-tion. Two numerical examples are provided to illustrate the superiority and effectiveness of the proposed approaches.
